I. One Node p. (i) Letp be a cnicnode. Then the intersection of cp, qp is a C9p4.
[I follow Cremona in using a suffix to show the order of the curve C; the small letters which iinmediately follow to denote points on it, or numerals to denote the number of points; and an index to show the multiplicity of each point. Where it is necessary to distinguish between branches through a binode touching the fixed and variable planes respectively (see below), this is shown by a suffix to the small letter; e. g., C5pf2pV is a quintic curve with three branches through the binode p, two touching the fixed plane and one the variable plane.]
The projection of this Cgp' is a plane CG abcdef, where these points are the fundamental points of T, and are the traces on a of the six rays, or straight lines through p lying on cp; these six points lie on a conic, the trace on a of the tangent cone at p. This plane curve must be further restricted so as to become the generic curve of a homaloidal family of order 5 or less; the possible families are: Cj, C23, C3124, C4323, C4186, C562, C513323, C5148, the figuros showing the fixed base points of the families. When the family is of order less than 5, the C5 degenerates into the variable member of the proper family and a fixed part passing through all of the six fundamental points of T which are not base points of the variable part.
There is a homaJoidal family ((1) corresponding to each way of arranging this plane family and dividing the fundamental points of T between the fixed and variable parts; the other base points of the variable part give isolated points of the fundamental system H of (4p). If this variable part has a second branch through a fundamental point of T, then H contains the corresponding rav; the remaining fixed curves in f correspond to the fixed plane curves, and the former have as many branches through p as the latter have intersections (other than fundamental points) with the conic abcdef.
If one of the fixed plane curves is this conic, the surfaces ((p,) contain all points adjacent top on (p; i. e., they have the same tangent cone; this possibility will be considered separately later. If the fixed curves in H have three or more branches through p, then the existence of the node is a necessary consequence of the passage of the surface through these curves, and we have a particular case of a transformation of a non-singular surface, in which the fundamental curve has acquired a triple point. No further attention is here paid to such cases. the latter part projects into a plane C5 a8 bede, for here two rays coincide in pq (the word "ray" meaning throughout a line through the first node p). Corresponding to each branch of a plane curve through a, there is a branch of a twisted curve through q. All cases in which the fixed curve has two branches through one node can be neglected as giving particular cases of previous transformations.
(ii) Let p be a binode. Since pq lies on the surface, it must lie on either the fixed or the variable tangent plane at p.
First let it lie on the variable plane. The projection is C4a83b, where a, a, b are the traces of the three rays in the variable plane, two of which coincide in pq. If now the curve in H has one branch through p touching the variable plane, this plane becomes fixed, and the whole tangent cone at p is fixed (see below). The line ab cannot be part of the plane curve, for the plane pab meets c in py, pq, pb only.
(iii) Next let p be a binode, and let q lie on the fixed tangent plane. Then this plane touches the surfaces all along pq, which counts twice in the intersection. The projection of the remaining C7 is C4a2def. The tangent cone at q touches the fixed plane, and one other fixed curve through q would make that node a necessity; therefore the fixed plane curve cannot pass through a. But one other fixed curve through p touching the fixed plane would cause the degeneration of the tangent cone at p. It follows that there is no fixed curve.
(iv) Let p be a cnicnode with a fixed tangent cone. Then the surfaces touch the cone all along pq, which counts twice in the intersection. The projection of the remainiing C7 is C3a2. Again, the fixed part cannot pass through a.
(v) Let p, q both be binodes. One tangent plane at each node contains pq, and these must be the same plane, osculating the surfaces all along pq, counting three times in the intersection and causing the degeneration of each tangent cone.
(vi) Let p be a cnicnode with a fixed tangent cone, and let q be a binode. Then the fixed plane at q conltains pq, which counts three times in the intersection. The surfaces touch but do not osculate the fixed plane all along pq. The projection of the remaining C6 is C3 a2, with one fixed tangent at the node.
(vii) If both tangent cones are fixed, the projection is C3 a3; no such homaloidal family exists.
III. Three Nodes p, q, r. 
VII.
All the quartic homaloidal families of Nos. 6-11 have multiple lines. Those of No. 11 have a fundamental system consisting of a triple straight line, three generators and a point; they are described by Cremona (Ann. di Mat., 2 (V), p. 15$8). Those of No. 6 have a double conic and simple quintic; they are described by Sturm (loc. cit., p. 371).
The C&p2 of No. 7 meets four rays, pc, pd, pe, pf, and with these makes up the total intersection of qp with a cubic cone. The line I on p which meets the remaining rays pa, pb is a 3-secant of C5 and with it makes up the total intersection of q with a quadric, which is the locus of I as cp varies within the homaloidal family. If (p contains any one other point of 1, it contains the whole line; i. e., all the points of I present the same condition to cp and correspond to the same point in the second space, which is therefore a point of a fundainental line of the quartic family (qp); this fundamental line is simple because 1 is linear, and linear because c; contains only one line 1. The same argument applied to the rays pc, .. .., pf shows that (q4) also has a fundamental simple quartic. Now if t is the fundamental isolated point oan q, the plane tpa meets qp in pa and a conic through t, p and three points on CO; this conic presents only one condition to q, and since mp contains two such conics, there is a fundamental nodal conic on (qp). This with the simple quartic and straight line makes up the fixed part C113 of the intersection of two of the quartic surfaces. The C5pf2p, of No. 8 meets one ray pf in the variable plane and with it makes up the total intersection of q with a quadric cone. This ray gives rise to a fundamental straight line on (qp); but all the cubic surfaces which contain pf have the same variable tangent plane at p, viz., that which contains pf and the tangent to the third branch of C5 at p; the line on (o4) is therefore a line of contact. The three rays in the fixed plane give rise to a simple fundamental cubic on (q4); and the planes through t and the remaining two rays to a nodal conic. The CI'8 of fixed intersection of (q4) consists therefore of a conic counted four times, a straight line counted twice and a cuibic.
In No. 9, the four rays which are not fixed give rise to a simple fundamental quartic on (qp'); the straight line on m which meets the two fixed rays gives rise to a simple straight line; and the two planes through t and the fixed rays lead separately to nodal straight lines.
In No. 10, there are three rays at p which do not coincide in pq; these give rise to a simple cubic. The one other ray at q in the fixed plane gives rise to a simple straight line. The plane tpq meets qp in pq and a conic with a fixed tangent at p and also passing through t, q, which gives rise to a nodal straight line. All the cubic surfaces which pass through this conic have the same variable tangent plane at q, and the two sheets of 4 both touch the same fixed plane all along the nodal line, which counts eight times in the intersection. To make up the CI'8 there is needed another simple straight line. This corresponds to pq; for pq counts three times in the intersection of cp, q5, and one of the three coincident lines may be thought of as separated from the others, and not meeting the variable C4 of intersection of qp, cpl, but constituting a fundamental line of the special kind. 
